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Part A (5x2= 10 marks)
Answer ALL questions

State Little wood second principle.
Define convergence in measure.
State Fatou’s lemma.

Define algebra of sets with example.

o &~ D

Define p-integrable function.

Part B (5x5= 25 marks)
Answer ALL questions

6a. Prove that a constant function is integrable.

OR
6b. State M, — m; theorem. Evaluate lim,,_, ., sup a,, and lim,,_, ., inf a,, where
= ,if nis odd
n+1
a, = .
— , If nis even
n+1

7a. Let u be ameasure on X. Then show that « is countably subadditive.

OR
7b. Let f:R — R be given by f(0) = 0and f(x) = |x|,if x # 0.Determine
(D*£)(0), (D4 £)(0), (D™f)(0) and (D_f)(0).

8a. Define Function of bounded variation. Let f:[0,2] — R given by f(0) = 0 and
f(x) = xsin (g) ,ifx # 0. Then show that f is not a function of bounded variation on
[0, 2].

OR

8b. Let f be a non negative measurable function and is integrable over a measurable set E.
Let g be a nonnegative measurable function such thatg(x) < f(x), VXeE. Thengis

also integrable over E and moreoverj f-g ='[ f —J.g .
E E E

9a State and prove Little wood first principle.

OR
9b  Define general Lebesgue integral and verify that| f | =fr—f".
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10a

OR
10b

11a.

OR

11b.

12a.

OR

12b.

13a.

OR

13b.

14a.

OR

14b.

15a.

OR

15h.

Let D € R be measurable. Let f: D — R be any continuous function then prove that f is
measurable function.

Let (f,) be a sequence of real valued measurable functions defined on a measurable set
E. Let f be a real valued measurable function defined on E such that f, — f in measure

on E. Then exists a subsequence <fn > of (fn>such that fn — f almost everywhere
v v
on E.

Part C (5x7= 35 marks)
Answer ALL questions.

State and prove Holders inequality.

Let f, g be measurable functions which are integrable over a measurable set E then
prove that

f + g is integrable overEandjf+g =If+jg.
E E E

The countable union of countable sets is countable.

Let B be the collection of all Borel sets in R then prove that B is also the smallest o -
algebra of sets on R containing the collection of all closed sets in R.

State and prove Minkowski inequality for 1 < p < co.

Define upper and lower sum and show that both these sums are bounded and has
supremum and infimum.

Let f:[a, b] = R be a function of bounded variation on [a, b] then prove that
P—-N=fMb)—f(a)and T=P +N.

State and prove refinement lemma.

Let D € M and f be an extended real valued function defined on D then Prove that the
following statements are equivalent:

i) {xeD|f(x)>a,a € R} Is measurable.
ii) {x € D|f(x) < a,a € R} Is measurable.
iii) {x € D|f(x) < a,a € R} Is measurable.
iv) {x € D|f(x) = a,a € R} Is measurable.

Define Lebesgue outer measure and prove that m” is translation invariant.
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